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Abstract. A k-ary cardinal tree is a rooted tree in which each node
has at most k children, and each edge is labeled with a symbol from
the alphabet {1, . . . , k}. We present a succinct representation for k-ary
cardinal trees of n nodes where k = O(polylog(n)). Our data structure
requires 2n + n log k + o(n log k) bits and performs the following oper-
ations in O(1) time: parent, child(i) label-child(α), degree, subtree-size,
preorder, is-ancestor(x), insert-leaf(α), delete-leaf(α). The update times
are amortized. The space is close to the information theoretic lower
bound. The operations are performed in the course of traversing the
tree. This improves the succinct dynamic k-ary cardinal trees represen-
tation of Arroyuelo [1] for small alphabet, by speeding up both the query
time of O(log log n), and the update time of O((log logn)2/ log log logn)
to O(1), solving an open problem in [1].

1 Introduction

In this paper, we present a succinct representation for dynamic k-ary cardinal
trees, i.e., rooted trees in which each node has at most k children and each edge
is labeled by a symbol from the alphabet {1, . . . , k}, for a fixed k. They are also
known as tries with degree k. We consider the case where for a k-ary cardinal
tree of n nodes, the size of the alphabet is small, in particular k = (log n)O(1).

A succinct data structure is a representation of an input which uses an
amount of space close to the information theoretic lower bound, and supports the
required operations efficiently. The information theoretic lower bound for rep-
resenting a k-ary cardinal tree of n nodes is computed by taking the logarithm
of the number of distinct such trees, i.e., log C(n, k) = log(

(
kn+1
n

)
/(kn + 1)) ≈

2n+ n log k − o(n+ log k) bits [1, 9]. The required operations are the following:
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parent: the parent of the current node.
child(i): the i-th child of the current node.
label-child(α): the child of the current node such that the in-between edge is
labeled by α.
degree: the number of children of the current node.
subtree-size: the total number of nodes in the subtree rooted at the current node.
is-ancestor(x): true if the current node is an ancestor of a node x; otherwise false.
preorder: the rank of the current node in the preorder traversal of the tree.
insert-leaf(α): insert a new leaf as a child of the current node with an edge labeled
by α.
delete-leaf(α): delete the child of the current node with the in-between edge
labeled by α (assuming that the child is a leaf).

Our data structure supports the operations in the course of traversing the
tree, i.e., a traversal of the tree starts from the root, moves through the tree by
performing the navigational operations on the current node, and ends at the root.
All the operations have to be performed on the current node of the traversal.
This is the same model that was used in [12, 15, 1]. There are applications where
this assumption holds, e.g., constructing Lempel-Ziv indexes which is used for
dynamic compressed full-text indexes; and constructing suffix trees, if we supple-
ment the data structure with satellite data. If we do not restrict the operations
to be only performed on the current node (if we allow them to be performed on
any arbitrary node), Farzan and Munro [6] showed an amortized lower bound of
Ω(log n/ log log n) for child, subtree-size, insert-leaf, and delete-leaf.

We use the unit-cost RAM model with word size w = Θ(log n) bits.

Previous work. For static k-ary cardinal trees of n nodes, Benoit et al. [2] gave
a representation that requires 2n+n log k+o(n)+O(log log k) bits, and supports
the navigational operations and queries in O(1) time. The space bound of their
structure is log C(n, k) +Ω(n) bits, as k grows. Raman et al. [14] improved the
space to log C(n, k)+o(n)+O(log log k) bits, while supporting all the operations
except subtree-size in O(1) time. Recently, a representation with the same space
that also supports subtree-size in O(1) time was given in [7].

For the dynamic k-ary cardinal trees, when k = 2, i.e., for dynamic binary
trees, Munro et al. [12] gave the first representation that uses 2n + o(n) bits.
This representation, in the course of traversing the tree, supports navigational
operations and queries in O(1) time and updates in O(log2 n) amortized time.
Their structure can also support accessing a b-bit satellite data associated with
a node in O(1) time, where b = Θ(log n). If b = O(1), they achieve O(log n)
amortized update time, and if no satellite data is associated with the nodes,
they obtain O(log log n) amortized update time. For b = O(log n), Raman and
Rao [15] improved the update time to amortized O((log log n)1+ε) while sup-
porting the navigations and queries in O(1) time, in the course of traversing the
tree. They also showed how to store the satellite data in bn+ o(n) bits. Indeed,
the total space of their structure is 2n + bn + o(n) bits. More recently, Farzan
and Munro [6] proposed the finger-update model which is stronger than the



traversal pattern that is used in [12, 15, 1] and this paper as well. In the finger-
update model, only the update operations are restricted to be performed on the
current node of the traversal (indeed, finger-update is the current node), and
all the other operations are allowed to be performed on any node at any time.
For b = O(log n) and for ordinal trees which are the generalized binary trees
where there is an order between the children of the nodes, Farzan and Munro
[6] presented a data structure that supports all the queries in constant time and
updates in constant amortized time. But their structure uses 2n + bn + o(bn)
bits which is worse than that of [15].

The succinct representation of dynamic k-ary cardinal trees was posed as
an open problem in [12]. In 1993, Darragh et al. [5] presented a compact rep-
resentation of cardinal trees that uses 6n + ndlog ke bits of space and achieves
O(1) expected time for the operations. Recently, Arroyuelo [1] presented a data
structure for this problem that uses 2n + n log k + o(n log k) bits of space, and
supports navigational operations and queries in O(log k+log log n) time and up-
dates in O((log k+log log n)(1+(log k)/(log(log k+log log n)))) amortized time.
When k = (log n)O(1), his data structure achieves O(log log n) query time and
O((log log n)2/ log log log n) amortized update time. Improving this was posed
as an open problem by Arroyuelo [1]. We address this problem by presenting a
data structure that uses 2n+n log k+o(n log k) bits and performs the navigation
and query operations in O(1) time, and the update operations in O(1) amortized
time. Associating satellite data with the nodes is supported by neither our data
structure nor the one in [1]. The following theorem states our result.

Theorem 1. For a k-ary cardinal tree with n nodes, there exists a dynamic data
structure of size 2n + n log k + o(n log k) bits, where k = (log n)O(1). This data
structure supports the operations parent, child, label-child, degree, subtree-size,
preorder, and is-ancestor in O(1) time, and supports insert-leaf and delete-leaf in
O(1) amortized time.

2 Preliminaries

Dynamic arrays. A dynamic array [15] is a structure that supports access-
ing, inserting, and deleting elements in arrays efficiently with a small memory
overhead.

Lemma 1. (Dynamic arrays [15, 16]) There exists a data structure to rep-
resent an array of ` = wO(1) elements, each of size r = O(w) bits, using
`r+O(k log `) bits, for any parameter k ≤ `. This data structure supports access-
ing the element of the array in a given index in O(1) time, and inserting/deleting
an element in/from a given index in O(1 + `r/kw) amortized time. The data
structure requires a precomputed table of size O(2εw) bits for any fixed ε > 0.

Searchable partial sums. In the searchable partial sums problem for an array
A of m numbers from the range [0, . . . , k− 1], we have to maintain A under the
following operations:



sum(i): return the value
∑i
j=1A[j],

update(i, δ): set A[i] = A[i] + δ, assuming that A[i] + δ < k, and δ is less than a
certain fixed number,
search(i): return the smallest j such that sum(j) ≥ i.

This problem has been considered for different ranges of m and k [13, 10].
But we are only interested in solving this problem for small m and k. Raman and
Rao [13] gave a data structure that solves the problem for m = wε and k ≤ w,
for any fixed 0 ≤ ε < 1. Their data structure achieves O(1) time for all the
operations and uses O(mw) bits of space. In the following, we show that when
both m and k are O(wc) for a constant c > 0, we can obtain a data structure
with O(1) time for all the operations that uses m log k+o(m log k) bits of space.

Lemma 2. For any integer n < 2w, there exists a searchable partial sums struc-
ture to represent an array of m elements from the range [0, . . . , k − 1], using
m log k + o(m log k) bits and a precomputed table of size o(n) bits, where m and
k are (log n)O(1). This data structure supports the operations sum, update, and
search in O(1) time.

Proof. We pack every w/ log k elements of the array into a word. Within each

word, every b numbers denote a chunk, where b = log1/4 n. Within each chunk,
the operations can be supported in O(1) time using a precomputed table of size
o(n) bits. The space usage to store all the chunks is m log k + o(m log k) bits.

Now, we make a B-tree with branching factor at most b. Each leaf of the
B-tree stores a pointer to one of the chunks such that scanning the chunks of the
leaves from the left of the B-tree to the right gives the original array. The number
of leaves is m/b and the depth of the B-tree is O(1). At each internal node u, we
maintain two arrays of length b. The i-th element of the first array maintains the
sum of all the elements in the chunks that are descendants of the i-th child of u.
The i-th element of the second array maintains the number of all the elements
in the chunks that are descendants of the i-th child of u. The operations on
these two arrays can be supported in O(1) time, using a precomputed table of
size o(n) bits. Since the number of internal nodes is O(m/b2), the space usage
for the B-tree is O((m/b2) · (b(log k + logm))) = o(m log k) bits.

The operations on the input array, can be performed by traversing the tree
top-down and computing the operations at the internal nodes in O(1) time. ut

3 Data structure and static operations

We present a succinct representation for k-ary cardinal trees which uses 2n +
n log k+o(n log k) bits, supports the navigational operations and queries in O(1)
time, and the updates in O(1) amortized time. Our structure is similar to the
structure of [1]. The input tree is decomposed into disjoint micro trees. Each
operation is performed within the micro tree that contains the current node of
the traversal, and in the case of the navigational operations, we might traverse
to an adjacent micro tree. Each micro tree representation of [1] supports the
operations in logarithmic time. We improve the time to O(1) for small alphabet.



Decomposition. We use the greedy decomposition algorithm of [12] to de-
compose the input tree to micro trees of size in the range [log2 n . . . k2 log2 n].
The micro tree containing the root might be smaller than log2 n. This algorithm
performs a postorder traversal of the tree. During the traversal, every at least
log2 n visited nodes make a micro tree (see [12] for more details). We change the
algorithm of [12] a little bit to maintain the following. Let τ be a micro tree.
The number of nodes (size) of τ is denoted by |τ |. A frontier node of τ is a node,
except the root of τ , that is adjacent to nodes in other micro trees. If the root
of τ is adjacent to a frontier node of another micro tree τ ′, then τ ′ is the parent
micro tree of τ , and τ is a child micro tree of τ ′. We duplicate the frontier nodes
of τ such that every frontier is also the root of a child micro tree of τ . Therefore,
all the children of a frontier node are in the same micro tree, each frontier node
is a leaf and is adjacent to only one child micro tree, i.e., the number of frontier
nodes of τ denoted by nf (τ) equals the number of child micro trees of τ .

Micro tree representation. Each micro tree τ is represented with the tu-
ple (Dτ , Lτ , Fτ , Pτ , rτ , Sτ ) defined as follows.

– Dτ : the tree topology of τ , using the DFUDS representation of τ
– Lτ : the edge labels of τ in the DFUDS order
– Fτ : frontiers of τ
– Pτ : pointers to the child micro trees of τ
– rτ : a pointer to the parent micro tree of τ
– Sτ : the subtree size of all the child micro trees of τ .

Let τ be the micro tree that contains the current node of the traversal. We
perform the navigations within τ using Dτ , and for label-child using Lτ . In the
case of traversing to a child micro tree of τ , we find the pointer to the child
micro tree using Fτ and Pτ . For traversing to the parent micro tree, we use rτ .
To compute subtree-size within τ , we use Dτ . To compute subtree-size of the
current node in the whole tree, we use Sτ to compute subtree-size of the root
of each child micro tree of τ that is a descendant of the current node. Then we
add the subtree size of the current node within τ with all the computed subtrees
sizes. The operation is-ancestor can be easily performed using subtree-size.

For each of the six parts except rτ , we make data structures to perform the
corresponding operations on them efficiently. The space usage for Dτ is 2|τ | +
o(|τ |) bits, for Lτ is |τ | log k + o(|τ | log k) bits, for rτ is log nf (τ) bits, and for
Fτ , Pτ , and Sτ is o(nf (τ)) bits. Since the micro trees are roughly disjoint, the
total space usage is 2n + n log k + o(n log k) bits. In the following, we describe
all the six parts of the micro tree representations.

3.1 Tree topology of micro trees

We make a data structure that maintains a micro tree τ of size at most
k2 log2 n = O(polylog(n)) nodes using 2|τ | + o(|τ |) bits, which supports all the
required operations within τ (including updates) except label-child in O(1) time.



We represent the structure of τ by its DFUDS sequence which is a string of 2 · |τ |
parentheses [2]. Benoit et al. [2] showed that the navigation and query opera-
tions on a static ordinal tree of size n can be supported in O(1) time using
2n+ o(n) bits of space by performing rank/select and the balanced parenthesis
operations: findclose, findopen, and enclose on the DFUDS sequence of the tree.
Let Dτ be the DFUDS sequence of τ . Our data structure supports rank/select
and the balanced parenthesis operations as well as update operations all in O(1)
time on Dτ . Essentially, our data structure is a dynamic DFUDS sequence of
length O(log2 n). Note that inserting and deleting of leaves in τ correspond to
inserting and deleting of the pair of parentheses ”()” in Dτ .

Lemma 3. There exists a dynamic data structure of size 2m + o(m) bits to
maintain a sequence of m pairs of balanced parenthesis using precomputed tables
of size o(n), where m = (log n)O(1). This data structure supports the operations:
findclose, findopen, and enclose in O(1) time, and supports inserting and deleting
of the pair of parentheses “()” in O(1) amortized time.

Proof. This representation is similar to [4]. We divide the sequence into chunks of
size w` bits, where ` = O(

√
log n). Each chunk is represented by a dynamic array

of size w`+O(
√

log n log `) bits (see Lemma 1), which allows us to access, insert,
or delete a parenthesis at a given index in O(1) time (amortized for updates)
using a precomputed table of size o(n) bits. Therefore, the total space used for
the chunks is 2m+ o(m) bits.

Now, we make a B-tree with branching factor b, where b = O(log1/4 n). Each
leaf of the tree stores a pointer to a sub-chunk of size ` such that scanning the
sub-chunks of the leaves from the left of the tree to the right gives the original
sequence. The number of leaves is 2m/`, and the depth of the tree is O(1). At
each internal node u, we maintain an array of length b such that its i-th element
stores the number of open parenthesis in the chunks that are descendants of the

i-th child of u. Since the array is small (i.e., O(log
1
4 n · log log n) bits), we can

represent it by a searchable partial sums structure using a precomputed table of
size o(n) bits. This array is used to perform the operations rank and select in O(1)
time by traversing the tree from its root to the appropriate leaf. In addition to
this array, similar to [4], we store seven arrays containing different information
about the parentheses stored in the subtrees of u. These arrays are used to
perform the parenthesis operations. Update operations are also straightforward.
See [4] for more details. Since the number of internal nodes is O(2m/(b`)), the
space usage for the B-tree is O(2m/(bl) · b logm) = o(m) bits. ut

The following lemma presents our dynamic DFUDS structure based on the
dynamic parenthesis maintenance structure of Lemma 3.

Lemma 4. There exists a dynamic DFUDS representation of size 2|τ |+ o(|τ |)
bits for an ordinal tree τ of (log n)O(1) nodes using precomputed tables of size o(n)
bits. This data structure supports the operations parent, child, degree, subtree-
size, is-ancestor, and preorder all in O(1) time, and supports the update operations
insert-leaf and delete-leaf in O(1) amortized time.



Proof. Recall that the DFUDS sequence Dτ contains 2 · |τ | balanced parenthesis.
It has been shown that all the operations parent, child, degree, subtree-size, and
is-ancestor on τ can be supported using the balanced parenthesis operations
and rank/select on Dτ [2]. Also the operation preorder can be supported using
the balanced parenthesis operations and rank/select on Dτ [11]. Inserting and
deleting leaves correspond to inserting and deleting the pair of parentheses “()”.

ut

3.2 Edge labels of micro trees

Let Lτ be the sequence containing all the edge labels of τ in the DFUDS ordered.
To perform label-child(α) on τ , we find the rank i of α among all the edge labels
between the current node and its children, and then we use child(i). To find i, we
find the number of α before the current node, and then find the position of the
next α using rank/select structure on both Dτ and Lτ . To perform insert-leaf(α),
we again need to find i to simply insert the label. But finding i if there is no
α among all the edge labels needs more information. For that, we construct a
dynamic predecessor structure for all the edge labels below each internal node.

Note that Lτ consists of contiguous sub-sequences si, for i = 1 · · · Iτ , such
that si represents all the labels below the i-th internal node of τ in preorder,
where Iτ is the number of internal nodes in τ . Note that |si| ≤ k. We construct
the following: (1) a data structure that supports the operations rank, select, insert,
and delete on Lτ , (2) a data structure for each si, if |si| > log n/ log log n, which
supports the operations predecessor, insert, and delete on si. In the following, we
explain these two structures, and then we combine them.

Dynamic rank/select structure. In the following lemma, we present a data
structure which is used to perform label-child in a micro tree.

Lemma 5. There exists a dynamic representation of size m log k + o(m log k)
bits for a sequence of m symbols from an alphabet of size k using precomputed ta-
bles of size o(n) bits, where m and k are (log n)O(1). This data structure supports
the operations rank and select in O(1) time, and supports the update operations
insert and delete in O(1) amortized time.

Proof. There exists a static data structure that supports the operations rank
and select in O(1) time for an alphabet of size k, using a multi-ary wavelet
tree with O(1) height (Theorem 3.2 of [8]). We dynamize their structure in the
following way. We set the branching factor of their wavelet tree to be k′, where
k′ = O(

√
log n). At each internal node we use a dynamic rank/select structure

for an alphabet of size k′. In the following, we explain this data structure. Note
that the update operations do not change the structure of the wavelet tree, and
thus only the internal node structures should be dynamized.

We pack every ` symbols of the sequence into a chunk of size ` log k′ bits,
for ` = (w/ log k′) log1/4 n. Each chunk is represented by a dynamic array of

size ` log k′ +O(log1/4 n log `) bits, which allows us to access, insert, or delete a



symbol at a given index in O(1) time (amortized for updates) using a precom-
puted table of size o(n) bits (see Lemma 1). Therefore, the total space used for
the chunks is m log k′ + o(m log k′) bits.

Now, we make a B-tree with branching factor at most log
1
4 n. Each leaf of the

B-tree stores a pointer to a sub-chunk of size w bits in one of the chunks such
that scanning the sub-chunks of the leaves from the left of the B-tree to the right
gives the original sequence. Therefore, each chunk corresponds to log1/4 n leaves.
The number of leaves is m/(` log1/4 n) and the depth of the B-tree is O(1). At

each internal node u, we maintain k + 1 arrays, each of length log1/4 n. One
of the arrays is denoted by Size. The i-th element of the array Size maintains
the number of symbols in the sub-chunks that are descendants of the i-th child
of u. Each of the other k′ arrays is for a symbol in the alphabet, and its i-th
element maintains the number of the corresponding symbol in the leaves that
are descendants of the i-th child of u. We represent each of these arrays by a
searchable partial sums structure with O(1) time for the partial sums operations,
using a precomputed table of size o(n) bits, since the arrays are small (i.e.,

O(log
1
4 n · log log n) bits).

To perform the operation rankα(i), we traverse the B-tree top-down starting
from the root. Let h be the sub-chunk containing the i-th symbol of the original
sequence. At each internal node u, we count the number of α in the sub-chunks
that are to the left of h, and are descendants of u. This counting can be performed
in O(1) time, using the partial sums structures that are constructed for the array
Size and the array corresponding to α. At the leaf level, where we should perform
rank in a sub-chunk of size w bits, we read the sub-chunk in O(1) time and
perform the rank using word-level computation. The operation selectα(i) can be
performed similarly in O(1) time (the array Size is not required for select).

For the operations insert and delete, we perform them on the appropriate
chunks in O(1) amortized time (with the support of the dynamic arrays), and
then we update the nodes of the B-tree along the appropriate path in a straight-
forward manner. Therefore, the total update time is O(1) amortized. ut

Dynamic predecessor. In the following lemma, we present a structure used
for insert(α) to find the rank of α among its siblings.

Lemma 6. There exists a dynamic predecessor data structure of size o(m) bits
for a sorted array of m elements, where m = (log n)O(1) and each element is
from the range [0 · · · k − 1], using a precomputed table of size o(n) bits. This
data structure supports the operation predecessor in O(1) time, and supports the
update operations insert and delete in O(1) amortized time.

Proof. For this structure, we use the same packing strategy and dynamic arrays
as we used in the proof of Lemma 5. We make a B-tree with branching factor
b, where b =

√
log n. Each leaf maintains b elements from the array, such that

concatenating the leaves from left to right, gives the original array. The height
of the tree is O(1). At each internal nodes, we maintain b guiding indexes. Every
node (including leaves) has b log k = o(w) bits which can be handled using a



precomputed table of size o(n) bits. To perform the operations, we traverse
the tree top-down in O(1) time. For the update operations, we also update the
internal nodes in a bottom-up traversal. The rebalancing is applied as needed.

ut

The following lemma combines Lemma 5 and 6, and shows how to perform
the operation label-child on τ using the data structures of Dτ and Lτ .

Lemma 7. For a k-ary cardinal tree τ of at most k2 log2 n nodes where
k = (log n)O(1), there exists a dynamic representation of size 2|τ | + |τ | log k +
o(|τ | log k) bits that supports the operation label-child in O(1) time, and sup-
ports the update operations insert-leaf and delete-leaf in O(1) amortized time.
The structure uses precomputed tables of size o(n) bits.

Proof. Similar to [1], we represent the tree τ with Dτ and Lτ . We make a data
structure for each of Dτ and Lτ using Lemma 4, 5, and 6 in totally 2|τ | +
|τ | log k + o(|τ | log k) bits. ut

3.3 Frontiers of micro trees

During performing the operations on a micro tree τ , we need to check whether
the current node is a frontier of τ or not, and if it is a frontier, then we may
need to traverse to the micro tree rooted at that frontier using a pointer. For
the checking, we represent the frontiers of τ with an array Fτ of nf (τ) elements.
The representation of pointers is explained in Section 3.4. The i-th element
of the array Fτ contains the difference between two preorder numbers which
belong to the i-th and i + 1-st frontiers of τ in the preorder traversal of τ .
We make a searchable partial sums structure for Fτ . Since Fτ has (log n)O(1)

elements, each of size O(logFτ ) bits, we use the searchable partial sums structure
of Lemma 2 that supports the operations sum, update, and search in O(1) time,
using nf (τ) log |τ |+ o(nf (τ) log |τ |) bits. Thus the overall space for all the micro
trees is o(n) bits. To check whether the current node is a frontier or not, we use
search on Fτ for the preorder number of the current node.

3.4 Pointers to other micro trees

There are two cases where we need to traverse from τ , containing the current
node x, to another micro tree: 1) if x is a frontier of τ , then we need to follow a
pointer to the child micro tree rooted at x, 2) if x is the root of τ , then we need
to follow a pointer to move to the parent micro tree of τ .

For the first case, for each frontier of τ , we store a pointer to another micro
tree that is rooted at that frontier. These pointers are represented in the following
way. Let τi be the micro tree rooted at Fτ [i], the i-th frontier of τ . We make an
array Pτ of nf (τ) elements such that Pτ [i] maintains a pointer to τi. Therefore,
whenever the current node is Fτ [i] (that we can check using the representation
of Section 3.3), we can traverse to τi. The space usage to store Pτ for all the
micro trees is o(n) bits. For the second case, since x is a frontier of the parent
micro tree τ ′, we store rτ such that Fτ ′ [rτ ] maintains the preorder number of x.



3.5 Subtree sizes

We make a data structure that allows us to compute the subtree size of the
current node in O(1) time. Let τ be the micro tree containing the current node.
Lemma 4 shows that we can perform subtree-size on the current node within τ
in O(1) time. But, to this number, we should add the subtree size of the root
of each child micro tree of τ that is a descendant of the current node. For this,
we make an array Sτ of length nf (τ) such that Sτ [i] maintains the subtree size
of the root of τi, where τi is the child micro tree rooted at the i-th frontier of
τ in the preorder traversal of τ . We represent Sτ by a searchable partial sums
structure using nf (τ) log |τ | + o(nf (τ) log |τ |) bits (see Lemma 2). The overall
space for all the micro trees is o(n) bits. To compute the subtree size, we need

to find
∑jr
i=j`

Sτ [i], where τ , τj` and τjr are the left most and right most child
micro trees of τ respectively that are descendants of the current node. To find
τj` , we do a predecessor search in the array Fτ for the preorder number of the
current node. Let e be the left most leaf of τ that is also a descendant of the
current node. To find τjr , we first find the preorder number of e within τ by
adding the preorder number of the current node and its subtree size within τ .
Then we do a predecessor search in the array Fτ for the preorder number of e.

4 Update operations

Operation insert-leaf. To perform insert-leaf(α) in a micro tree τ , we update
the representation of τ in the following way. We update Dτ by inserting “()”
as a leaf into a position i that we find by a predecessor search in sj of Lτ
corresponding to the current node. We update Lτ by inserting α as a new label
into position i. The new leaf is not a frontier, but if it is inserted between two
frontiers, then it changes the difference between the preorder numbers of them.
Therefore, we increment the appropriate element of Fτ . All the above operations
are performed in O(1) time.

If |τ | exceeds the value of k2 log2 n, we split τ into micro trees of size in
[2 log2 n · · · 2k log2 n] using the decomposition algorithm that we used in Sec-
tion 3. Then we reconstruct the representation of each new micro tree. This
can be performed by inserting leaves one by one into the new micro trees. The
split and the construction of micro tree representations are both can be per-
formed in O(|τ |) = O(k2 log2 n) time. Since, this procedure makes micro trees
of small enough size (at most k log2 n), therefore, k2 log2 n number of insert-leaf
is required to make any of them full and the insertion time is O(1) amortized.

Operation delete-leaf. To perform delete-leaf(α) in a micro tree τ , we update
the representation of τ similarly as insert-leaf(α). If |τ | becomes smaller than
log2 n, then we combine τ with its parent micro tree. This can be performed
by inserting the nodes of τ into the parent micro tree, in the preorder traversal
of τ using insert-leaf. This procedure takes O(|τ |) = O(log2 n) time. Since the
new micro trees that we construct in the split procedure of Section 4 are large
enough (at least 2 log2 n size), the deletion time is O(1) amortized.



Memory management. We store each micro tree in a separate location of the
memory using an Extendible Array [3]. Since the number of micro trees is at
most n/ log2 n, and the nominal size of all the micro trees is s = 2n+ n log k +
o(n log k) bits, then the space requirement for the whole collection of micro trees

is s+O(nw/ log2 n+
√
snw/ log2 n) = 2n+ n log k + o(n log k) bits [16].
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